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Abstract
The efficient experimental verification of entanglement
requires an identification of the essential physical
properties that distinguish entangled states from
non-entangled states. Since the most characteristic
feature of entanglement is the extreme precision of
correlations between spatially separated systems,
we propose a quantitative criterion based on local
uncertainty relations (quant-ph/0212090). Some basic
sum uncertainty relations for N-level systems are
introduced and the amount of entanglement that can
be verified by violations of the corresponding local
uncertainty limit is discussed.
Keywords: entanglement detection, N-level entangle-
ment, N-level uncertainties
1 Introduction
As the word itself suggests, entanglement is one of the
most mysterious aspects of quantum physics. Although
it is by now possible to verify the predictions of en-
tanglement theory in a variety of experiments, there
remains a considerable gap between the formal defini-
tion of entanglement and the observable effects that
are associated with this property. The formal defini-
tion of entanglement is that any quantum state of two
systems that cannot be decomposed into a mixture of
product states of the two systems is an entangled state.
However, the decomposition of a mixed state does not
represent any real physical process, it is only one of
many possible interpretations of the origin of the sta-
tistical mixture. Consequently, the physical meaning of
this definition is unclear. Indeed, it remains a highly
non-trivial task to identify physical properties that can
be used to distinguish mixed entangled states from sep-
arable ones [1].
In order to identify some characteristic physical
properties of entanglement, it may be useful to re-
consider the original discussions of entanglement [2].
These discussions focussed on the fact that maximally
entangled states have perfect correlations between ev-
ery single observable property, that is, the outcome of
any measurement of a property A in system one can
be predicted by measuring a corresponding property B
in system two. In a classical system, this would not be
surprising at all. System one is simply an exact copy
of system two. However, such a high level of precision
appears to contradict the uncertainty principle. In-
deed, complete knowledge of the local quantum states
of two systems requires that there are no correlations
between the two systems, so that the uncertainties of
the two pure states represent statistically independent
fluctuations of the respective measurement outcomes.
Therefore, the correlations that exist in mixtures of lo-
cal states can never overcome the limits set by local un-
certainties. Only the strong correlations between mea-
surement fluctuations associated with entangled states
can violate such local uncertainty limits. The defini-
tion of local uncertainty relations can thus provide a
directly observable measure of entanglement [3]. This
measure of entanglement naturally provides an evalua-
tion of the usefulness of an entangled state for applica-
tions such as quantum teleportation and dense coding,
where the main purpose of entanglement is the sup-
pression of uncertainty related noise in the transfer of
information [4]. It may indeed be an interesting ques-
tion whether the useful properties of entanglement re-
ally arise from the theoretical lack of separability, or
if this formal requirement of entanglement is only a
necessary condition for the improvement of precision
described by the violation of local uncertainties.
There remains one fundamental problem that has
to be solved in order to derive measures of entangle-
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ment from local uncertainty relations. Previously, un-
certainty arguments were mostly restricted to continu-
ous variables, where a non-vanishing uncertainty limit
for the product of position and momentum uncertain-
ties provides a useful definition of local uncertainties.
Unfortunately, such product uncertainties do not pro-
vide any real uncertainty limits for N-level systems be-
cause the product uncertainties will always be zero for
eigenstates of one of the two properties. It is there-
fore necessary to find a different formulation of uncer-
tainty limits for the properties of N-level systems. As
we have pointed out recently, such uncertainty limits
can be obtained by using the sum of uncertainties in-
stead of their product [3]. It is then possible to obtain
sum uncertainty relations for any set of operators, al-
though in general, the determination of the correct un-
certainty limit may be quite difficult. In the following,
we present some typical examples of sum uncertainty
relations and discuss their applications to the experi-
mental characterization and quantification of entangle-
ment.
2 Uncertainty relations for N-
level systems
The uncertainty δA2i of a hermitian operator property
Aˆi is defined as the variance of the measurement statis-
tics of a precise measurement of Aˆi. For a given density
matrix ρˆ, this uncertainty is given by
δA2i = Tr{ρAˆ2i } −
(
Tr{ρAˆi}
)2
. (1)
The uncertainty of Aˆi can only be zero if ρ represents
an eigenstate of Aˆi. Therefore, the sum of all uncer-
tainties for a given set of operators {Aˆi} can only be
zero if all the operators in the set have at least one
common eigenstate. In all other cases, there exists a
non-trivial uncertainty limit given by
∑
i
δA2i ≥ U. (2)
In principle, there are infinitely many sum uncer-
tainty relations, since any set of operators may be used.
However, in most cases, the physical situation consid-
ered will determine which choices are useful. In the
following, we will focus on the angular momentum op-
erators Lˆx, Lˆy, and Lˆz of a spin l systems. In general,
this spin algebra can be defined for any N-level system,
where N = 2l + 1. In many cases, the components of
the spin algebra will even have a clear physical mean-
ing. For example, these operators can also be used to
describe the Stokes parameters Sˆi of an n photon state,
where n = 2l and Sˆ1 = 2Lˆx, Sˆ2 = 2Lˆy, and Sˆ3 = 2Lˆz.
The uncertainty relation for all three spin components
of an N-level system can be derived directly from the
properties of the operators,
Lˆ2x + Lˆ
2
y + Lˆ
2
z = l(l+ 1)
and 〈Lˆi〉2 ≤ l2. (3)
Since the spin system is isotropic, the expectation value
limit of one component is enough to define the limit
for the total averaged spin vector. The uncertainty
relation then reads
δL2x + δL
2
y + δL
2
z ≥ l. (4)
Likewise, the uncertainty relation for the Stokes pa-
rameters of an n photon system reads
δS21 + δS
2
2 + δS
2
3 ≥ 2n. (5)
In the case of a single photon (n = 1), the Stokes pa-
rameters are equivalent to the Pauli matrices. This
means that the single photon polarization state can be
interpreted more generally as a physical implementa-
tion of a single qubit. Relation (5) is therefore partic-
ularly useful for the description of quantum bits. In
particular, the uncertainty limit of two at n = 1 ex-
presses the fact that information can only be encoded
in a single component of the spin vector.
It is also of interest to know the uncertainty rela-
tions for only two spin components. However, it is a
non-trivial task to derive the proper uncertainty limit.
Here, we would only like to note that the best strat-
egy to minimize the uncertainty of Lˆx and Lˆy seems
to be the application of spin squeezing to a coherent
spin state, e.g. the eigenstate of Lˆx with Lx = +l.
Spin squeezing can then redistribute the quantum fluc-
tuations of the state from Lˆy to Lˆz until the gradual
increase in δL2x prevents any further reduction in the
sum uncertainty. However, care must be taken to en-
sure that the minimum obtained is actually the global
minimum for all possible quantum states.
For two level systems, it is still very easy to ob-
tain the uncertainty limit for Lˆx and Lˆy, since every
eigenstate of a spin component has the same maximal
amount of uncertainty in the other two components
and a redistribution of uncertainty by spin squeezing is
not possible. The uncertainty relations therefore read
N = 2 uncertainties :
δL2x + δL
2
y ≥
1
4
(6)
or δS21 + δS
2
2 ≥ 1. (7)
As mentioned above, the relation for the Stokes pa-
rameters also represents the uncertainty for two of the
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three Pauli matrices of a general quantum bit. There-
fore, relation (9) is a very compact formulation of the
limitations of encoding and readout for any quantum
communication scheme that encodes information in the
eigenstates of both Sˆ1 and Sˆ2.
For three level systems, the uncertainty distribution
is variable, and the minimum uncertainty state must
be determined by optimizing this distribution. How-
ever, the three dimensional Hilbert space is still small
enough to allow an analytical determination of the
global maximum. The result we have obtained was
first reported in [3] and reads
N = 3 uncertainties :
δL2x + δL
2
y ≥
7
16
(8)
or δS21 + δS
2
2 ≥
7
4
. (9)
As suggested above, the minimum uncertainty states
for this relation are spin squeezed states with average
spins in the xy-plane. In the Lˆz basis, these minimal
uncertainty states read
| φ〉 =
√
5
4
e−iφ | −1〉+
√
6
4
| 0〉+
√
5
4
e+iφ | +1〉. (10)
It may be interesting to note that these states are quite
obviously not minimal uncertainty states of relation
(4). The notion of minimal uncertainty states is there-
fore strongly dependent on the uncertainty relation se-
lected for their definition. In general, all pure states are
minimal uncertainty states for some set of uncertainty
relations.
3 Formulation of local uncer-
tainty limits
It is now possible to construct local uncertainty re-
lations from any selection of basic uncertainties. As
mentioned in the introduction, the uncertainties of lo-
cal states cannot be correlated. Therefore, the uncer-
tainty sums of any set of joint properties {Aˆi + Bˆi}
cannot be lower than the sum of the local uncertainty
limits for {Aˆi} and {Bˆi},
limit for system A:
∑
i
δA2i ≥ UA
limit for system B:
∑
i
δB2i ≥ UB
local limit for A+B:
∑
i
δ(Ai +Bi)
2 ≥ UA + UB (11)
Any violation of this local uncertainty limit indicates
that systems A and system B are entangled. (For a
simple mathematical proof of this property, see [3].)
In general, it is not even necessary to choose the same
type of uncertainty relation in each system. For exam-
ple, it is possible to determine local uncertainty limits
for N ×M systems simply by selecting one N-level un-
certainty and one M-level uncertainty. However, the
basic principle of local uncertainty violations is best il-
lustrated by symmetric relations, where the operators
Aˆi and Bˆi describe the same physical properties in sys-
tem A and system B, respectively. For general N ×N
entanglement, such a local uncertainty limit can be ob-
tained from relation (4) or (5), respectively. According
to these uncertainty limits, separable states must fulfill
the conditions
∑
i=x,y,z
δ(Li(A) + Li(B))
2 ≥ 2l, (12)
3∑
i=1
δ(Si(A) + Si(B))
2 ≥ 4n. (13)
The maximal violation of these local uncertainty re-
lations is obtained for the singlet state, which has a
total uncertainty of zero. Consequently, these uncer-
tainty relations provide a measure of how close any
given state is to the maximal entanglement described
by the singlet state of the two spin l systems. This
closeness can be quantified using the relative violation
of local uncertainty [3],
CL3 = 1−
∑
i=x,y,z δ(Li(A) + Li(B))
2
2l
(14)
CS3 = 1−
∑3
i=1 δ(Si(A) + Si(B))
2
4n
. (15)
These measures of entanglement allow a direct experi-
mental evaluation of the errors in entanglement gener-
ation, especially if the experiment is intended to gen-
erate pure singlet state entanglement. No special as-
sumptions about any detailed properties of the actual
density matrix are necessary, although it is of course
interesting to study the effects of some typical errors
such as decoherence effects on the relative violation of
local uncertainties. For example, the addition of white
noise represents a kind of worst case scenario,
ρˆ(pW ) = (1−pW ) |sing.〉〈sing. | +pW 1ˆ⊗ 1ˆ
N2
(16)
The relation between the noise level pW and the rela-
tive violation of local uncertainty then reads
CL3/S3 =1− pW
N + 1
2
. (17)
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It may be interesting to note that the effect of white
noise errors on the relative violation of local uncer-
tainty increases with the number of level N . How-
ever, it should be remembered that white noise errors
become less and less likely in larger systems, as the
nearly macroscopic properties of many level systems
become easier to control. This example therefore also
illustrates the problems associated with the choice of a
noise model in larger Hilbert spaces.
4 Application to 2 × 2 entangle-
ment
The most simple case of entanglement is that between
a pair of two level systems. Since this kind of entan-
glement has been studied extensively in the context of
application in quantum information technologies, much
is known about the fundamental properties of such en-
tanglement. Nevertheless, the application of local un-
certainty relations can be very useful in the study of
2 × 2 entanglement, since it provides a greatly simpli-
fied access to some of the most characteristic features
of this kind of entanglement.
In particular, we can consider the case of a pair of
entangled photons with no local polarizations and dif-
ferent degrees of correlation between identical compo-
nents of the Stokes vector. Such a state can be ex-
pressed as a mixture of four Bell states,
ρˆ(pS ; pi) = pS | S〉〈S | +p1 | T 1〉〈T 1 |
+ p2 | T 2〉〈T 2 | +p3 | T 3〉〈T 3 |, (18)
where | S〉 is the singlet state and the three states | T i〉
are the triplet states defined by
(Sˆi(A) + Sˆi(B)) | T i〉 = 0. (19)
The quantum state ρˆ(pS ; pi) is entangled if the proba-
bility of one of the maximally entangled states exceeds
one half. Specifically, if pS > 1/2, the concurrence of
the quantum state is given by
C = 2pS − 1. (20)
The concurrence is a precise measure of the total en-
tanglement in the 2 × 2 system and is directly related
to the entanglement of formation. It is therefore in-
teresting to compare this basis independent measure
of entanglement with the relative violation of local un-
certainties.
The properties of the quantum state ρˆ(pS ; pi) can
be determined completely by measuring the three un-
certainties δ(Si(A) + Si(B))
2. For the quantum state
ρˆ(pS ; pi), these uncertainties are given by
δ(Si(A) + Si(B))
2 = 4− 4(pS + pi). (21)
The corresponding violation of local uncertainty given
by (5) reads
3∑
i=1
δ(Si(A) + Si(B))
2 = 8(1− ps) < 4,
CS3 = 2pS − 1 = C. (22)
In this case, the relative violation of local uncertain-
ties is indeed equal to the concurrence. The local un-
certainty relation (5) therefore identifies the physical
properties that ”concur”. Local uncertainty relations
can thus specify the actual physical situation repre-
sented by a given entangled state.
In order to reduce the experimental effort, it may
also be desirable to apply the local uncertainty limit
for two components,
δ(S1(A) + S1(B))
2 + δ(S2(A) + S2(B))
2 ≥ 2. (23)
In this case, there is a slight difference between the
relative violation of local uncertainty and the concur-
rence,
2∑
i=1
δ(Si(A) + Si(B))
2 = 8(1− ps + p3) < 2,
CS2 = 2pS − 1− 2p3 ≤ C. (24)
The relative violation CS2 of the local two component
uncertainty may therefore serve as a lowest limit of the
actual concurrence. This lowest estimate corresponds
to the ”worst case scenario” that p3 is zero and that the
uncertainty in Sˆ3(A) + Sˆ3(B) has the maximal value
consistent with the other two uncertainties. It is thus
possible to identify the quantum state associated with
this lowest estimate from only two measurement set-
tings.
In the context of photon pair entanglement, it may
also be useful to identify the precise relationship be-
tween coincidence counts and the joint uncertainties
δ(Si(A)+Si(B))
2. Experimentally, the correlation be-
tween Stokes parameter components is usually eval-
uated by comparing the maximal rate of coincidence
counts observed at anti-correlated polarizer settings
with the minimal rate of coincidence counts at corre-
lated settings. The normalized difference between the
two defines the visibility Vi for the polarization com-
ponent i. In the absence of local polarizations, this
measurement result is related to the uncertainty by
δ(Si(A) + Si(B))
2 = 2(1− Vi). (25)
It is therefore possible to derive an estimate of the con-
currence directly from a measurement of the visibilities
V1 and V2,
C ≥ V1 + V2 − 1. (26)
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The visibilities thus allow an even greater simplification
of the experimental evaluation of 2 × 2 entanglement.
However, it should be pointed out that local uncertain-
ties generally do include the effect of non-vanishing lo-
cal polarizations and are therefore a more precise mea-
sure of the actual entanglement correlations.
5 Application to 3 × 3 entangle-
ment
Recently, the experimental generation of entanglement
in parametric downconversion has been extended to
pairs of three level systems [5]. However, the great va-
riety of possible error sources in such systems has made
a precise analysis of the experimental results very dif-
ficult. We therefore believe that the local uncertainty
relations can provide a powerful tool for a quantitative
estimate of the amount of entanglement created in such
experiments.
As mentioned in section 3, one possible type of error
in the creation of 3 × 3 entanglement could be white
noise of the form given by ρˆ(pW ) in equation (16). For
three level systems, the corresponding relative viola-
tion of the three component local uncertainty relation
(4) reads
∑
i=x,y,z
δ(Li(A) + Li(B))
2 = 4pW < 2,
CL3 = 1− 2pW . (27)
It is also possible to apply the two component uncer-
tainty using the uncertainty limit given by relation (8),
∑
i=x,y
δ(Li(A) + Li(B))
2 =
8
3
pW <
7
8
,
CL2 = 1− 64
21
pW . (28)
White noise therefore reduces the relative violation of
the two component local uncertainty about 1.5 times
faster than it reduces the relative violation of the three
component uncertainty. However, this sensitivity ratio
between the three component and the two component
uncertainties can be quite different for less symmetric
noise sources.
An alternative source of error could be decoherence
in the Lˆx basis, given by
ρˆ(pD) =
(1− pD) |sing.〉〈sing. | +pD
3
( |−1;+1〉〈−1;+1 |
+ |0; 0〉〈0; 0 | + |+1;−1〉〈+1;−1 | ). (29)
In this case, the uncertainty in Lˆx(A) + Lˆx(B) always
remains zero, while the other two uncertainties increase
as they did for white noise. The three component local
uncertainty then reads
∑
i=x,y,z
δ(Li(A) + Li(B))
2 =
8
3
pD < 2,
CL3 = 1− 4
3
pD. (30)
As expected, the reduction of the local uncertainty vi-
olation by decoherence is only 2/3 of that caused by
the same amount of white noise. Likewise, the effect
of decoherence on the two component local uncertainty
violation is reduced to one half,
∑
i=x,y
δ(Li(A) + Li(B))
2 =
4
3
pD <
7
8
,
CL2 = 1− 32
21
pD. (31)
As a result, the two component local uncertainty is
nearly as good at quantifying the remaining entan-
glement in the presence of decoherence as the corre-
sponding three component uncertainty. If decoherence
is assumed to be the main source of error, it is there-
fore sufficient to characterize experimentally generated
three level entanglement using only two measurement
settings.
6 A short note on the interpre-
tation of quantum statistics
As shown in this paper, entanglement is a very useful
property because it represents strong non-local correla-
tions that can overcome local uncertainty limits. How-
ever, the non-locality of these correlations appears to
be no different from the non-locality of classical cor-
relations. Since there is no direct evidence for action
at a distance, it may be more prudent to interpret the
collapse of the wavefunction as the reduction of a prob-
ability distribution based on new information. More
mysterious effects such as the violation of Bell’s in-
equalities could then be interpreted in terms of local
non-classical correlations [6].
The decomposition of density matrices into mixtures
of pure states unfortunately tends to suggest that there
might be a fundamental difference between quantum
noise and classical noise, and that the collapse of the
wavefunction should be somehow different from the se-
lection of a classical subensemble. However, the uncer-
tainty relations indicates that it may be more realistic
to define only a quantitative limit - in the same way
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that the speed of light defines the relativistic limit,
without suggesting a separation of velocities into a rel-
ativistic and a non-relativistic component. As men-
tioned in the introduction, the ambiguity in the de-
composition of density matrices into pure state mix-
tures indicates that there is no physical meaning in
an arbitrary decomposition. The uncertainty princi-
ple can explain this observation by suggesting that
even pure states are very noisy. For all practical pur-
poses, pure states also represent probability distribu-
tions over many possible measurement outcomes, and
there is no observable difference between classical noise
and quantum noise. A separation of mixed states into
pure states therefore divides the total ensemble into a
rather arbitrary choice of subensembles. However, a
pure state is not sufficiently ”pure” to define the phys-
ical properties of an individual representative of the to-
tal probability distribution. The interpretational prob-
lems of quantum mechanics arise from the lack of any
fundamental set of noise free subensembles that could
identify the physical properties of individual systems
as measurement independent ”elements of reality”.
7 Conclusions
The definition of uncertainty relations for arbitrary
sets of operators describing the physical properties of
N-level systems allows a generalized interpretation of
entanglement as a violation of local uncertainty rela-
tions. The quantitative measure given by the relative
violation of local uncertainties seems to correspond well
with more theoretical measures such as the concur-
rence. Since the local uncertainties are defined as vari-
ances of actual measurement results they greatly sim-
plify the theoretical background needed to device tests
of experimental realizations of entanglement sources.
Moreover, the violation of local uncertainties directly
identifies the improvement of precision achieved by en-
tanglement in applications such as dense coding or
quantum teleportation.
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